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The Horndeski theories are extended into the Lovelock gravity theory. When the canonical scalar
field is uniquely kinetically coupled to the Lovelock tensors, it is named after Lovelock scalar field.
The Lovelock scalar field model is a subclass of the new Horndeski theories. A most attractive
feature of the Lovelock scalar field is its equation of motion is second order. So it is free of ghosts.
We study the cosmology of Lovelock scalar field in the background of 7 dimensional spacetime and
present a class of cosmic solutions. These solutions reveal the physics of the scalar field is rather
rich and merit further study.
PACS numbers: 04.30, 04.30.Nk, 04.50.+h, 98.70.Vc
I. INTRODUCTION
The Horndeski theories are the most general scalar-tensor theories with second-order equations of motion [1] which
guarantees it is free of ghosts. The theories have not attracted much attention for a long time until the discoveries
of covariant Galileons [2, 3] and generalized Galileon theories [4, 5]. It is found the Horndeski theories contain a
wide variety of gravitational theories such as, General Relativity with a minimally coupled scalar field functions [6],
the Brans-Dicke theory [7], the dilaton gravity theory [8], the covariant Galileons [3], the derivative coupling [9, 10]
and the Gauss-Bonnet coupling [11]. Furthermore, the Horndeski theories have been extended into multi-field case
[12–16]. The extending of sing-field Horndeski theory can be found in Refs. [17–24].
The purpose of this paper is to extend the sing-field Horndeski theories into the Lovelock gravity. The Lovelock
gravity is the most general gravity theory with second-order equations of motion [25]. Same as the Einstein tensor
Gµν , the Lovelock tensors G
(p)
µν are also second order and obey the divergence-free law of G
(p);ν
µν = 0. It is this desired
property that enables us to generalize the Horndeski theories. The paper is organized as follows. In section II, we
make a brief review of Lovelock theory in advance and then extend the Horndeski theories within it. In section III,
we investigate the cosmology of Lovelock scalar field in the background of 7 dimensional spacetime. In 4 dimensional
spacetime, the Lovelock tensors higher than first order (Einstein tensor) are all vanishing. So in order to observe the
effect of G
(2)
µν and G
(3)
µν , we must work in at least 7 dimensional spacetime. In section IV, a class of cosmic solutions
are presented numerically. Finally, conclusion and discussion are given in section V. Throughout this paper, we adopt
the system of units in which G = c = ~ = 1 and the metric signature (−, +, +, +).
II. GENERALIZE THE HORNDESKI THEORIES
The Horndeski theories gives the most general second-order equation of motion for scalar field in four dimensional
spacetime. This theory is described by the Lagrangian [5]
L =
5∑
i
Li , (1)
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2where
L2 = G2 (φ, X) , (2)
L3 = G3 (φ, X)X , (3)
L4 = G4 (φ, X)R − 2G4X (φ, X)
[
(φ)
2 − φ;µνφ;µν
]
, (4)
L5 = G5 (φ, X)Gµνφ
;µν +
1
3
G5X (φ, X)
[
(φ)
3 − 3φφ;µνφ;µν + 2φ;µνφ;µσφ;ν;σ
]
. (5)
Here Gi are functions in terms of the scalar field φ and its kinetic energy X ≡ ∂µφ∂µφ/2. φ;µν ≡ ∇µ∇νφ, GiX ≡
∂Gi/∂X and Giφ ≡ ∂Gi/∂φ. R is the Ricci scalar and Gµν is the Einstein tensor. Horndeski derived the Lagrangian
of the most general scalar-tensor theories in a different form [1] in 1974. But Ref.[11] shows that it is equivalent to
the above form.
In order to extend the Horndeski theories into the Lovelock gravity, let’ s make a brief review on the Lovelock
gravity theory. Starting from the vacuum Einstein-Hilbert action
S =
∫
d4x
√−gR =
∫
d4x
√−gδλ1λ2σ1σ2Rσ1σ2λ1λ2 , (6)
one obtain the Einstein equations for gravity
Gµν = 0 . (7)
Here δλ1λ2σ1σ2 is the generalized Kronecker delta function of order two, R
σ1σ2
λ1λ2
is the Riemann tensor. The Einstein
equations are second-order differential equations and Gµν has the property of vanishing divergence, G
ν
µ;ν = 0.
A remarkable property of gravitational invariant is its linearity with respect to the Riemann tensor. Lovelock [25]
suggested to give up this requirement and extend the invariants to power laws of Riemann tensor
Lp = 2
−pδ
λ1λ2···λ2p
σ1σ2···σ2pR
σ1σ2
λ1λ2
Rσ3σ4λ3λ4 · · ·R
σ2p−1σ2p
λ2p−1λ2p
, (8)
where δ
λ1λ2···λ2p
σ1σ2···σ2p is the generalized Kronecker delta of the order 2p. It equals to ±1 if the upper indices form an even
or odd permutation of the lower ones, respectively, and zero in all other cases. Then the Lovelock action of gravity
takes the form
S =
∫
dnx
√−g
∑
p
αpLp , (9)
where n is the dimension of spacetime, αp are constants and summation is carried over all p.
From Eq. (9) one obtain the Lovelock gravitational equations∑
p
αpG
(p)
µν = 0 , (10)
with
G(p)µν = gµρδ
ρλ1λ2···λ2p
νσ1σ2···σ2pR
σ1σ2
λ1λ2
Rσ3σ4λ3λ4 · · ·R
σ2p−1σ2p
λ2p−1λ2p
, (11)
such that [26]
G(0)µν = gµν ,
G(1)µν = Gµν ,
G(2)µν = −
1
2
gµν
(
R2 − 4RκσRκσ +RκστρRκστρ
)
+ 2 (RRµν −RµσκτRκτσν − 2RµκνσRκσ − 2RµσRσν ) ,
G(3)µν =
1
2
gµν
(
12RRκσR
κσ −R3 − 3RRαβσκRαβσκ − 16RβαRσβRασ + 24RαβRσκRασβκ + 24RβαRασκρRβσκρ
+2RσκαβR
ρλ
σκR
αβ
ρλ − 8RσκαβRαλσρRβρκλ
)
− 24RµαβσRβνRασ − 12RµνRαβRαβ + 24RαµRβαRβν + 24RαµRβσRαβσν
+3RµνR
2 + 3RµνRαβσκR
αβσκ − 12RµαRνβσκRαβσκ + 6RRµαβσRαβσν − 24RµανβRασRσβ − 12RRσµRσν
+24RµανβRσκR
ασβκ − 12RµαβσRκαβσRκν − 12RµαβσRακRβσνκ + 12RRµσνκRσκ
+12RµανβR
α
σκρR
βσκρ + 6Rαβσµ R
κρ
βσRκρασ + 24R
βσ
µαRβνρλR
λαρ
σ + 24R
αβσ
µ R
κ
βRσκνβ ,
G(4)µν = · · · · · · . (12)
3The order p of the Lovelock tensor is related to the dimension n of spacetime by 2p ≤ n − 1. Same as the Einstein
equations, the Lovelock equations are also second order which guarantees the absence of ghosts [27]. On the contrary,
fourth order modified gravities are usually plagued by ghost problem [28]. Since the Lovelock tensors G
(p)
µν are derived
by variations of the action, they exactly obey the law of G
(p);ν
µν = 0. The desired property of up to second order
derivative and free of divergence for Lovelock tensors leads us to generalize the Horndeski theory as follows
L =
7∑
i
Li , (13)
where
L2 = G2 (φ, X) , (14)
L3 = G3 (φ, X)X , (15)
L4 = G4 (φ, X)R− 2G4X (φ, X)
[
(φ)
2 − φ;µνφ;µν
]
, (16)
L5 = G5 (φ, X)Gµνφ
;µν +
1
3
G5X (φ, X)
[
(φ)3 − 3φφ;µνφ;µν + 2φ;µνφ;µσφ;ν;σ
]
, (17)
L6 = G6 (φ)
∑
p
αpLp , (18)
L7 = G7 (φ)
∑
p
βpG
(p)
µν φ
;µφ;ν . (19)
(20)
Here βp are coupling constants. The term L6 can play an important role in the evolution of universe. For example,
Ref. [29] investigated the situation of L6 = G6 (φ)L2 where it is named after Gauss-Bonnet dark energy. On the other
hand, the term L7 can demonstrate its important role in higher dimensional physics. We shall see this point in the
next section. In all, L6 and L7 are not trivial. The resulting equation of motion from (13) is exactly seconde-order
for arbitrary dimensional spacetime. In the next, for simplicity, we focus on the subclass of
G2 = 2V (φ) , G3 = 0 , G4 = 0 , G5 = 0 , G6 = 0 , G7 = 1 . (21)
Then the corresponding Lagrangian is
L =
∑
p
βpG
(p)
µν∇µφ∇νφ+ 2V (φ) , (22)
where V (φ) is the scalar potential. We name this scalar field as Lovelock scalar field. The equation of motion is
∑
p
βpG
(p)
µν∇µ∇νφ+ V,φ = 0 . (23)
It is a equation of second order derivative. In four dimensional spacetime, we have G
(p)
µν = 0 with p ≥ 2. Therefore, in
order to observe the effect of G
(2)
µν and G
(3)
µν , we should work in at least, 7 dimensional spacetime because of 2p ≤ n−1.
III. COSMIC EVOLUTION
In this section, we shall investigate the cosmic evolution of scalar field in 7 dimensional spacetime. The metric is
given by
ds2 = −dt2 + a2 (t) (dx21 + dx22 + dx23)+ b2 (t) (dx24 + dx25 + dx26) , (24)
where a(t) and b(t) are the scale factor of our space and the extra space. In 7 dimensional spacetime, the Lovelock
tensors higher than third order are all vanishing. Thus the total action is give by
S =
∫
d7x
√−g
3∑
p=0
[
αpLp + βpG
(p)
µν∇µφ∇νφ+ 2V (φ)
]
. (25)
4Then the equations of motion are
−1
2
α0 + α1
(
2H˙ + 3H2 + 3h˙+ 6h2 + 6Hh
)
+ α2
[(
48Hh+ 12H2 + 12h2
)
h˙+
(
24Hh+ 24h2
)
H˙
+24H3h+ 12h4 + 72H2h2 + 72Hh3
]− α3
[
288Hh3H˙ + 432H2h2h˙+ 432H2h4 + 288H3h3
]
=
1
4
β0φ˙
2 + β1
[(
H˙ +
3
2
H2 +
3
2
h˙+ 3h2 + 3Hh
)
φ˙2 + (2H + 3h) φ¨φ˙
]
+ β2
[(
18h2h˙+ 18h4 + 72Hhh˙
+36h2H˙ + 108H2h2 + 18H2h˙+ 36HhH˙ + 36H3h+ 108Hh3
)
φ˙2 +
(
72Hh2 + 12h3 + 36H2h
)
φ¨φ˙
]
−β3
[(
1080H2h2h˙+ 1080H2h4 + 720Hh3H˙ + 720H3h3
)
φ˙2 + 720H2h3φ¨φ˙
]
+ V , (26)
−1
2
α0 + α1
(
2h˙+ 3h2 + 3H˙ + 6H2 + 6Hh
)
+ α2
[(
48Hh+ 12h2 + 12H2
)
H˙ +
(
24Hh+ 24H2
)
h˙
+24h3H + 12H4 + 72H2h2 + 72hH3
]− α3
[
288hH3h˙+ 432H2h2H˙ + 432h2H4 + 288h3H3
]
=
1
4
β0φ˙
2 + β1
[(
h˙+
3
2
h2 +
3
2
H˙ + 3H2 + 3Hh
)
φ˙2 + (2h+ 3H) φ¨φ˙
]
+ β2
[(
18H2H˙ + 18H4 + 72HhH˙
+36H2h˙+ 108H2h2 + 18h2H˙ + 36Hhh˙+ 36h3H + 108hH3
)
φ˙2 +
(
72hH2 + 12H3 + 36h2H
)
φ¨φ˙
]
−β3
[(
1080H2h2H˙ + 1080h2H4 + 720hH3h˙+ 720H3h3
)
φ˙2 + 720h2H3φ¨φ˙
]
+ V , (27)
{
a3b3φ˙
[
−1
2
β0 + β1
(
3H2 + 3h2 + 9Hh
)
+ β2
(
36H3h+ 36h3H + 108H2h2
)− 720β3H3h3
]}
,t
+a3b3V,φ = 0 , (28)
where H and h are defined by
H ≡ a˙
a
, h ≡ b˙
b
, (29)
which could be understood as the Hubble parameters of universe A and universe B, respectively.
IV. A CLASS OF SOLUTIONS
Observing the equations of motion (26,27,28), we find there are four variables, H, h, φ, V . But we have only three
equations of motion. Thus the system of equations is not closed. One usually fix the expression of scalar potential in
advance. However here, for simplicity, we shall assume the evolution of the scalar field as
φ = t , (30)
which means the scalar field plays the role of cosmic time. By choosing different parameters,
α0, α1, α2, α3, β0, β1, β2, β3 and different initial conditions, H(0), h(0), V (0), we obtain a class of cosmic
solutions as follows.
A. Cyclic universes
Whenα0 = −3, α1 = 1, β0 = 1 (with other parameters vanishing) and H(0) = 1, h(0) = −1, V (0) = 6, we
find both universe A and universe B undergo the cyclic evolution of expansion and contraction. Fig. 1 and Fig. 2
demonstrate the evolution of Hubble parameters and the scalar potential.
B. Eternal expanding and contracting universe
When α0 = 1, α1 = 1, α2 = 0.05, β0 = 1 (with other parameters vanishing) andH(0) = 1, h(0) = −1, V (0) = 5,
we find universe A is eternal expanding and universe B is eternal contracting. Fig. 3 and Fig. 4 demonstrate the
evolution of Hubble parameters and the scalar potential.
C. Two de Sitter phase
When α0 = 1, α1 = 1, α2 = 0.05, α3 = 0.005, β0 = 1, β1 = −0.1, β2 = 0.22, β3 = −0.012 and
H(0) = 1, h(0) = −1, V (0) = 5, we find both universes evolve from one de Sitter phase to the other de Sitter phase.
5Fig. 5 and Fig. 6 demonstrate the evolution of Hubble parameters and the scalar potential. We see with the sharp
increasing of scalar potential, transitions for the Hubble parameters are present.
D. De Sitter solution
(a). When H = q, h = −q (q > 0 is a constant), we obtain a constant scalar potential for the de Sitter solution
V = −1
2
α0 + 3α1q
2 − 12α2q4 − 144α3q6 − 1
4
β0 − 3
2
β1q
2 + 18β2q
4 + 360β3q
6 . (31)
In this case, universe A is exponentially inflating while universe B is exponentially contracting.
(b). When H = q, h = q (q is a constant), we obtain the potential
V = −1
2
α0 + 15α1q
2 + 180α2q
4 − 720α3q6 − β0 + 15β1q2 + 720β3q6 , (32)
with
β2 =
1440β3q
6 − 30β1q2 + β0
360q4
. (33)
In this case, both universes inflate exponentially.
(c). When H = s, h = q (s 6= q), we obtain the potential
V = −24β2q3s− 42β2s2q2 − 2β1qs− 24s3β2q − 3
2
β1q
2 + 3α1s
2 + 16α2sq
3
+16α2s
3q + 3α1q
2 − 1
2
α0 + 4α1sq + 28α2s
2q2 − 1
4
β0 − 3
2
β1s
2 , (34)
with
α3 =
1
576s3q3
(
16α2s
3q + 16β1qs+ 48s
3β2q + 120β2s
2q2 + 64α2s
2q2 + 6β1s
2
+4α1sq + 16α2sq
3 + 48β2q
3s− β0 + 6β1q2
)
, (35)
β3 = − 1
1440s3q3
(−72s3β2q − 72β2q3s− 6β1s2 − 216β2s2q2 − 18β1qs+ β0 − 6β1q2) . (36)
In this case, the two universes can inflate with arbitrary speed.
E. Loop solution
When α0 = −1, α1 = 1, α2 = 0.005, α3 = 0.001, β0 = 1, β1 = −0.01, β2 = 0, β3 = 0 and H(0) =
1, h(0) = −1, V (0) = 3.1, we find the trajectories of evolution for Hubble parameters forms a loop. This reveals
universe A and universe B have the same Hubble scales at the beginning and the last. Fig. 7 and Fig. 8 demonstrate
the evolution of Hubble parameters and the scalar potential. Also, the presence of loop is resulting from the bulging
of the scalar potential.
V. DISCUSSION AND CONCLUSION
In conclusion, we extend the Horndeski theories into the Lovelock gravity theory. The resulting equations of motion
remain second order. As a subclass of the new Horndeski theories, the Lovelock scalar field is defined and applied
into the investigation of cosmology. For simplicity, we pay attention to the 7 dimensional spacetime where only four
Lovelock tensors, G
(0)
µν , G
(1)
µν , G
(2)
µν , G
(3)
µν are in the presence. We find the physics of corresponding cosmology is rather
rich such that there are a number of solutions. They are cyclic solution, eternal expanding or contacting solution,
two-de Sitter solution, de Sitter solution and loop solution.
There are 9 degree of freedom, αi, βi (i = 0, 1, 2, 3) and φ(t), in the Lovelock scalar field model. We have assumed
φ(t) = t in the cosmic evolution which means φ plays the role of cosmic time. Different assumptions on φ(t) would
lead to different cosmic evolutions. Thus it deserves to be studied further. On the other hand, it is also important to
look for the higher dimensional black hole solutions in this new Horndeski theories due to ADS/CFT.
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